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Abstract

In this paper we give a brief outline of the applications of the generalized Heun
equation (GHE) in the context of quantum field theory in curved spacetimes.
In particular, we relate the separated radial part of a massive Dirac equation
in the Kerr—Newman metric to the static perturbations for the non-extremal
Reissner—Nordstrom solution to a GHE.

PACS numbers: 04.62.+v, 04.70.—s

1. Introduction

According to Schifke and Schmidt [1], the generalized Heun equation (GHE) is a second-order
differential equation of the form

_ _ _ 2
y”(z)+<1 o Lz 1 ’iz+a)y’(z)+wy(z>=o, (L.1)
z z—1 z—a 2(z—=1)(z—"1a)

where @ € C\{0, 1} and po, w1, 12, @, Bo, B1, B2 are arbitrary complex numbers. Moreover,
0, 1 and @ are simple singularities with exponents {0, o}, {0, i1} and {0, uo} respectively,
while oo is at most an irregular singularity of rank 1. Following [1], we choose parameters
A= (A1, A, A3) € C? such that the last coefficient of (1.1) takes the form
2 2
Bo+Biz+ Pz’ Z 1 <1 —Ma> (1 —Mp> +Z (a/2)(1 — ) + A
e=D-a) = 2\z2-2/)\2-2/) = -
o#p

with zg := 0,z; := 1,22 := @ € C\{0, 1}. Note that for fixed uo, t1, 42, @ and @, A is
uniquely determined by (8o, 81, B2) and vice versa.

To underline the importance of equation (1.1), we recall that it contains the ellipsoidal
wave equation as well as the Heun equation (¢ = f, = 0) and thus the Mathieu, spheroidal,
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Lamé, Whittaker—Hill and Ince equations as special cases. The aim of our work is to present
some specific examples where the GHE arises in physics with particular attention to quantum
field theory (QFT) theory in curved spacetimes.

Schiifke and Schmidt obtained under certain conditions on @ all connection coefficients
between the Floquet solutions at the singularities 0, 1 and @, thus determining the full
monodromy group of (1.1). Furthermore, they showed that the connection coefficients can be
computed by four-term recurrence relations.

Note that for « = 0 and f, = A; + Ay + A3 = 0, equation (1.1) becomes the Heun
equation where the point at infinity is a simple singularity with exponents

{v+1—00/2) (o + p1 +p2), —v+1—(1/2)(no + p1 + p2)}
and

v2=3—t(,u%+,u,%+,u%)—%—A]—'a\A2.

2. The Dirac equation in the Kerr-Newman metric and the GHE

In Boyer-Lindquist coordinates (¢,7, 9, ¢) with r > 0,0 < ¢ < 7,0 < ¢ < 27, the
Kerr—Newman metric is given by [2]

A —a?sin® 9 dr2 2asin® 9 (2 +a® — A)

ds? = + drd
y > 5 ¢
by by
—(rt+aH)?sin? 9 = dg? — = dr? — T dv?
p) A
with
Y= E(r,@):r2+a200529, A= A(r):rz—ZMr+az+Q2
and
-~ o~ A
=3 0) =1—a’y(r)sin’ v, y(r) = L

where M, a and Q are the mass, the angular momentum per unit mass and the charge of the
black hole, respectively. In the non-extreme case M> > a? + Q2 the function A has two
distinct zeros, namely,

r_=M—+/M?—a?— Q2 re=M++y/M?—a%2— Q2

the first one corresponding to the Cauchy horizon and the second one to the event horizon.
Moreover, A > 0 for r > r,. In the extreme case M2 = a> + Q2, the Cauchy horizon and
the event horizon coincide since A has a double root at r} = M. According to Penrose and
Rindler [3], the Dirac equation coupled to a general gravitational field V is given in terms of
two-component spinors (¢, x4') by

. m, ;o ) m,

(Vi —ieVi)pa = EXA’» (VA —ieVi)xa = E(pA
where we used Planck units 7 = ¢ = G = 1. Furthermore, V4, is the symbol for covariant
differentiation, e is the charge or coupling constant of the Dirac particle to the vector field V
and m, is the particle mass. The Dirac equation in the Kerr—Newman geometry was computed
and separated by Page [4] with the help of the Kinnersley tetrad [5]. In view of the separation
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of the Dirac equation, we choose to work with the Carter tetrad [6]. If we make the ansatz
[7, 8]

—o R_(r)S_(¥)

_ +¢1 _ ot i7<\zp R+(”)S+(’19) -~ l

v = i =e e S(r, ) R.(HS_9) |’ k_k+2,
ixo R_(r)S. ()

where w and k € 7Z denote the energy and the azimuthal quantum number of the particle,
respectively, and § is the non-singular matrix

S(r, 9) = A" idi < ! ! ! ! >
r, = 1Q, ) 5 ’ ’
g Jr—iacos® Jr —iacos? A/r +iacos® +/r+iacos®

then the Dirac equation decouples into the following systems of linear first-order differential
equations for the radial Ry and the angular components S of the spinor W:

( JAD.  —imr — x) (R_> o, o

imgr — A /AD, R,

—L_ A+am,cos6\ [(S_

<A — am, cos 6 L. ) <S+) =0 @2

where

~ d K@) 2, .2 7

Di=—Fi , K(r)=w(@"+a”) —eQr +ak, (2.3)
dr A

~ d 1 >

Ly = £+§cotﬁ:|: o), Q@) =awsinv +kcscv. 2.4)

For a detailed derivation of (2.1) and (2.2), we refer to [8]. Let us briefly recall that in the
case a = 0, the components S, of the angular eigenfunctions can be expressed in terms of
spin-weighted spherical harmonics [9, 10] whereas for a # 0, they satisfy a generalized Heun
equation [11]. We now show how to transform the radial equations for the components Ry of
the radial functions in such a way that they are reduced to a GHE. In what follows, a prime ’
always denotes differentiation with respect to r. First of all, let us bring (2.3) into the form

R_.(r)+v(r)R_(r) = f(r)R.(r), (2.5)
R,(r) +V(r)R.(r) = f(r)R_(r), (2.6)
with
. @ A +im,r
v(r) = IA(r)’ f@r) = —M .

From the above system and the definitions for v and f, it can be immediately verified that
R4+ = Rs:. As a consequence, we just need to derive the ODE satisfied by R_. A simple
computation gives

R” + pR_ +qR_ =0, R!+DR,+qR, =0
with
f/
Pi==T q =P —[fP+pv+V,

where to keep the notation simple we write Ry, p, g, f, v instead of Ry (r) and so on. Note
that ¢ — w” — mz for r — +00 as can be seen easily from the expansion in partial fractions
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below. Moreover, we shall restrict our attention to the case |w| > m,. For future convenience,
we write p and ¢ in terms of partial fractions as follows:

p(r) = Po + pP- + P+ ,
r—ryg r—r_ r—ry
where
1 A
po=—1, pP-=p+=3, ro=1i—,
2 m,
and
Ty T T, So S_ A\
qr)=T+ + + + + + ,
r—rog r—r r—ry, r—rp? tr—=r_) r—r)?
where
T=w2—m§,
.2 1A 1B
Ty = —iw” + + ,
ry — 1o ry —ro
22 2 . . .
T,=2Ba)2—2AB_mer__A Lie i(A+B) B 7
re—r_ 2 2y —1r_) r_—ry
T+=2Aw2_2AB—m§f—x2 i£+i(A+B) A ’
re—r_ 2 2y —r_) ry—ry
, 1B , 1A
So =0, S =B"— —, S, =A"— —
2 2
with
A= K p—_Ko)
ry—71_ re—r_

Finally, by transforming R_ according to
R.(r)=(r—r)=(r—r)* e R(r)
and introducing the new variable z € C defined by

r—r_
= s
ry—r_

it can be checked that if ¢+ and  are such that

Y = i/ w? —m2,

then (2.5) reduces to (1.1) with

A+ (pe—Die+ 5. =0,

1 1 —~
Ho=—=—2t_, wr = — — 24, H2 =2, a=2r,—r)y,
2 2
No=(ry —r )T, A=y —r )T, Ay = (re —1)To
R 1 M . A/m,
a=——+ +1

Fe—F_ e —T_
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3. Static perturbations of the non-extremal Reissner-Nordstrom solution and the GHE

Let us consider the following Lagrangian describing four-dimensional gravity coupled to a
U (1) gauge field and a real massive scalar, with a non-renormalizable but gauge invariant
coupling between the gauge field and the scalar, namely

_ R 1 (@)

12 p - 2 _ 2 _

g =1 o 50u9) 7 b = V@),
1

V() = 5m2¢2, f(¢) = TT0a

where R and Gy are the scalar curvature and the Newton constant, respectively, and £ is a
parameter having the dimensions of length. In order to construct static solutions with magnetic
charge g, we require that

ds? = g, dt*> + g, dr? + r2(d0? + sin” 6 dp?),

Fy = 3F,,dx" Adx” =4rg = gdf Asin6 dg,

¢ =p(r).
Moreover,
1 rr 8Ve gz
O¢ = ﬁam@g 3¢ = 37“, Veir(@.1) = V(§) + 25 f(@).

G =87GN Ty

By setting Mp; = 1//87 Gy = 1 and

_GZA(r), — 623<r)7

81t = 8rr

we obtain for ¢ and B the following system of equations [12]:

r 2 a¢

=0.

1 2B 1 —¢%B
—¢/2 + CZB Vetr — — +
2 r

2
,
Linearizing the above equations of motion around ¢ = 0 and requiring that the horizon is at
ry = 1 yields

2 02 Vege
//+ __2B/ I — 2B © 0, ,
¢ <r >¢> e —8¢>2( r)¢
1 M g 0% Vg N
B(r)y=—=log(1 - —+=2=), 0,r)=m>— 2,
") 2°g< dmr 2r2> pgr O =m =g

226> — m?)
o l+ = (r = 1) for r— 1,
P

e—mr

¢ x

where M is the mass of the black hole. We refer to [12] for the determination of M by fitting
e 28 to the Reissner-Nordstrém form for large r. Taking into account that the requirement
rg = 1 is equivalent to require that M = 4m + 2g2, the ODE for ¢ can be brought into the
form

for r — oo,
,

9"+ p(r)¢ +q(r)p =0
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with

pu p- 2 'S
+ PH = ) p- = —r_pm, r- = —

p(r) =

r—1 r—r_" 1—r_

gr) = —m?+ 20 90, 4=
2 r r—1 r—r_

1 g2 > —m? 400 1
qoo = 2102, QO=(1+V—>6100, n=""_——"" 4-= m’r_ — —

Finally, by means of the transformation
¢(r) =rTe Y (r)
with & such that @> — & + gop = 0, it can be checked that yr satisfies the GHE (1.1) with
o =1-2a, uwr=1-—py, wr=1—p_, o =—2m,
Ao = qo, A1 =qu, Ay =q-.

4. Conclusions

In this paper we have related the radial Dirac equation for a massive fermion in the Kerr—
Newman geometry to a GHE. In addition, we found that the GHE also describes static
perturbations for the non-extremal Reissner—Nordstrom solution. We reserve the study of
other examples where the GHE appears for future investigations.
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